The Comment 1 mainly poses questions related to the validity and applicability of the key hypothesis of the paleoclassical model of radial electron heat transport, which is that 2 electron guiding centers diffuse radially along with thin annuli of poloidal magnetic flux in resistive, current-carrying axisymmetric toroidal plasmas. While this key hypothesis was only motivated phenomenologically in the original toroidal paper, 2 a derivation of it has recently been published.
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The derivation is based on transforming the drift-kinetic equation from laboratory to poloidal magnetic flux coordinates in a situation where the poloidal flux obeys a diffusion equation.
Since the derivation in Ref.
3 was carried out in the full axisymmetric toroidal magnetic field geometry and is somewhat complicated, it is helpful to present and discuss a simpler model that illustrates the key points involved. These key points are crucial for addressing the main issues raised in the Comment. 1 Thus, consider the general procedure for solving a simple one-dimensional plasma kinetic equation, which is a first order partial differential equation ͑PDE͒ for f͑x , t͒ in the two variables x , t,
Here, ṽ x is an oscillatory speed in the x direction, which represents the x motion of an individual particle that contributes to the overall distribution f of such particles, and S is the source of f. The formal approach for obtaining a general solution of this equation is to integrate along the mathematical characteristic curves of this PDE. These curves are defined by dx / dt = ṽ x and have the simple ͑particle trajectory͒ solution x = x 0 + ͑v 0 / ͒sin t. To integrate along these characteristic curves ͑particle trajectories͒, prime the x and t variables, de-
Integrating this over the running time tЈ using the characteristic curves xЈ = x 0 + ͑v 0 / ͒sin tЈ, one obtains
Now consider what happens when the ṽ x oscillation is not about an x position, but really about a given ͑x , t͒. Then, assuming is a monotonic ͑i.e., invertible͒ function of x, the original equation can be transformed from x to the new radial coordinate ͑x , t͒,
in which ṽ ϵ ṽ x ‫ץ͑‬ / ‫ץ‬x͒. The mathematical characteristic curves of this PDE are governed by
with initial condition that Ј= ͑x 0 ,0͒ at tЈ =0. Next, consider the case, as in the paleoclassical model, where on a long time scale compared to the oscillation period 2 / , ͑x , t͒ obeys a diffusion equation,
Here, D is a diffusion coefficient, which for simplicity will be assumed to be spatially constant, and S is the source of . Then, the equation for the mathematical characteristic curves ͑effective particle trajectories͒ becomes ‫ץ‬Ј ‫ץ‬tЈ
whose solution embodies both hyperbolic ͑ṽ ͒ and parabolic ͑D‫ץ‬ 2 / ‫ץ‬x 2 ͒ mathematical characteristics. A multiple-time-scale solution of Eq. ͑7͒ will be sought. Supposing that ṽ ϵ v 0 cos t oscillates about a given surface, D is small and ЈӍ ͑x 0 ͒ + ͑xЈ − x 0 ͒ ‫ץ‬ / ‫ץ‬x͉ x 0 , the lowest order equation is the same as before; dxЈ / dtЈ = ṽ x Ј⇒ xЈ = x 0 + ͑v 0 / ͒sin tЈ. For time scales longer than 1 / one allows x 0 to have a slow time dependence ͓i.e., x 0 = x 0 ͑x , t͔͒, and begins with x 0 ͑x,0͒ = x 00 ␦͑x/x 00 − 1͒, initial condition.
͑8͒
The initial condition represents localization of the initial characteristic curve to an arbitrary, nonzero x position x 00 . Then, using the Taylor series expansion ЈӍ ͑x 00 ͒ + ͑xЈ − x 00 ͒ ‫ץ‬ / ‫ץ‬x͉ x 00 , the solubility condition to prevent secular growth in the solution of Eq. ͑7͒ on the long time scale ͑t Ͼ 1/͒, which results from averaging Eq. ͑7͒ over the oscillatory period of 2 / , becomes 
This equation can also be obtained from Eq. ͑7͒ using the method of averaging. 4 While the source S is important for the long time scale equilibrium, for short time scales the sharp localization of the mathematical characteristic curves near the delta-function initial condition about x 00 causes ‫ץ͉‬ 2 x 0 / ‫ץ‬x 2 ͉ ͉S / ‫ץ͑‬ / ‫ץ‬x͉͒ for t x 00 2 / D. Thus, for short time scales Eq. ͑9͒ reduces to
͑10͒
For short times compared to a global diffusion time ϳ x 00 2 / D on which diffusion to boundaries occurs, the local, slablike solution of this diffusion equation is
which is valid for 1 / Ͻ t x 00 2 / D. The total mathematical characteristic curves are the sum of the oscillatory and diffusive contributions,
The diffusive effects in the mathematical characteristic curves ͑effective particle trajectories͒ can be incorporated into the kinetics in one of two ways: ͑1͒ Integrate the formal solution in Eq. ͑3͒ along the trajectories in Eq. ͑12͒; or ͑2͒ add a Fokker-Planck diffusion operator to the kinetic equation to represent these effects. The relevant spatial FokkerPlanck "diffusion" operator ͓͗⌬x͘ / ⌬t =0͔ is
and D was assumed to be constant in space. Thus, when the kinetic equation ͑1͒ is transformed from laboratory coordinates to a slowly diffusing coordinate about which the particles rapidly oscillate, it becomes
This kinetic equation adds the spatial diffusion operator D͕f͖ to the right-hand side of the initial kinetic equation ͑1͒; it is valid for all times longer than the oscillation period ͑i.e., t Ͼ 1/͒. Even though the Fokker-Planck coefficient ͗͑⌬x͒ 2 ͘ / ⌬t was derived for short time scales compared to the "global" diffusion time scale x 00 2 / D, the D͕f͖ operator is valid for all times longer than 1 / , because the differential properties of the and f diffusion processes are preserved in the Fokker-Planck operator. This modified kinetic equation is valid even in steady state where ‫ץ‬ / ‫ץ‬t͉ x = 0, because ͑1͒ mathematically, D͑‫ץ‬ 2 / ‫ץ‬x 2 ͒͑‫ץ‬f / ‫͒ץ‬ introduces parabolic ͑diffusive͒ mathematical characteristics; or ͑2͒ physically, one is transforming to a locally diffusing coordinate system relative to and about which a particle is oscillating. The critical features of this derivation are that: ͑1͒ particles oscillate rapidly about a surface, ͑2͒ obeys a slowly evolving diffusion equation, and ͑3͒ further analysis of the kinetic equation is to be carried out on and relative to surfaces. The details of the source S do not matter. The fact that it balances the diffusion term D‫ץ‬ 2 / ‫ץ‬x 2 in steady state does not vitiate the argument presented here, as discussed explicitly at the end of the preceding paragraph.
Radial diffusion of the effective particle trajectories in steady-state is analogous to radial diffusion of particles governed by a simple density diffusion equation ‫ץ‬n / ‫ץ‬t = D‫ץ‬ 2 n / ‫ץ‬x 2 + S n with a spatially constant D. For a group of "marked particles" ͑subscript m͒ initially described by n m ͑x ,0͒ = N m ␦͑x − x 00 ͒, the marked particle density n m ͑x , t͒ obeys a diffusion equation analogous to Eq. ͑10͒ and for short times ͑t Ͻ x 00 2 / D͒ has a solution like that in Eq. ͑11͒, n m ͑x , tЈ͒ = N m e −͑x−x 00 ͒ 2 /4DtЈ / ͑4DtЈ͒ 1/2 . Note again that the source ͑here S n ͒ is not relevant in the determination of the local diffusion properties of marked particles. In Eqs. ͑8͒-͑15͒, the marked particles are the surfaces ͑or, more specifically, thin annuli of poloidal flux 3 ͒ relative to and about which the particles oscillate. Now consider application of this transformation procedure for a simple plasma kinetic equation to the derivation of the paleoclassical key hypothesis. First, note that in an axisymmetric toroidal magnetic field the canonical toroidal angular momentum of an electron is a constant of the motion on the gyro and bounce motion time scales:
2-4 p = R 2 ١ · ͑m e v + q e A͒ = R 2 ١ · m e v − q e p , in which p is the poloidal magnetic flux. Since R 2 ١ · m e v is oscillatory on the gyro and bounce time scales, the constancy of p shows that electrons in an axisymmetric toroidal plasma oscillate about p surfaces-thus satisfying the first requirement for the relevance of the preceding illustrative derivation.
For a resistive, current-carrying plasma in an axisymmetric toroidal magnetic field, the poloidal magnetic flux p → is governed by the equation
In terms of notation analogous to that in the Comment, 1 the "grid velocity" ū G , magnetic diffusion term D ⌬ + , and source S of poloidal magnetic flux are given by
͑18͒
and
͑19͒
Since D is small, the poloidal flux satisfies a slowly evolving diffusion equation on the bounce motion time scale; thus, the second requirement for applicability of the derivation in Eqs. ͑4͒-͑15͒ above is satisfied. The third requirement is also satisfied since all kinetic analyses of drift-kinetic and gyrokinetic equations for tokamak plasmas ͑e.g., for neoclassical and microturbulence-induced flows and transport͒ are carried out relative to poloidal flux surfaces 3 -so the constancy of the canonical toroidal angular momentum follows readily from the lowest order mathematical characteristic curves of the drift-kinetic and gyrokinetic equations, which is critical for kinetic analyses of low collisionality plasmas where the collision frequency is much less than the bounce frequency and electrons circumnavigate the torus many times in a collision time.
Equation ͑16͒ The diffusion equation in Eq. ͑16͒ is equivalent to Eq. ͑A3͒ in the Comment 1 in the "steady-state" limit where ‫ץ‬ / ‫ץ‬t͉ x = 0. It is important to note that here ͑x , t͒ is the poloidal magnetic flux function within the plasma and that ‫ץ͑‬ / ‫ץ‬t͒ x in the Comment 1 is in general not the same as the ‫ץ‬ / ‫ץ‬t͉ x used here,
͑20͒
In the steady-state cases discussed in the Comment, 1 ‫ץ‬ / ‫ץ‬t͉ x = 0 and ‫ץ͑‬ / ‫ץ‬t͒ x =−V ᐉ /2. However, the mathematical analysis in Eqs. ͑4͒-͑15͒ above shows that in transforming the kinetic equation from laboratory to coordinates one must in general replace ‫ץ‬ / ‫ץ‬t͉ x by its functional form as given on the right-hand side of Eq. ͑16͒ and not just set it to zero, because the D ‫ץ‬ 2 / ‫ץ‬x 2 term in ‫ץ‬ / ‫ץ‬t͉ x changes the mathematical characteristics of the kinetic equation from hyperbolic ͑i.e., Hamiltonian͒ to hyperbolic plus parabolic ͑i.e., diffusive͒.
From the form given in Eq. ͑19͒, it is clear that the discussion after Eq. ͑A3͒ in the Appendix of the Comment 1 concerns changes in the fraction ␣ ϵ͗J CD · B 0 ͘ / ͗J 0 · B 0 ͘ of the poloidal flux source S induced by the parallel current sources that is caused by the noninductive current-drive source J CD . In the physically relevant case where the resistivity is nearly constant, as ␣ increases the inductive loop voltage decreases by a factor of 1 − ␣ and the source of poloidal flux S is unchanged; hence, in a constant resistivity steady state the total current driven ͑or source of poloidal flux͒ in the plasma is unchanged as the parameter ␣ is varied. This is because the value of ␣ does not change the parallel current in the plasma. Hence, from Eq. ͑18͒ it does not change the amount of poloidal magnetic flux diffusion occurring in the plasma. Varying the resistivity changes the discussion some but not the key point that it is ͗J · B͘ ϰ D ⌬ + ͑not V l as is suggested in the Appendix of the Comment 1 ͒ that is critical for the radial diffusion of guiding centers with the magnetic diffusion coefficient D in the paleoclassical model.
The Comment 1 poses three puzzles for a noninductive steady-state ͑NISS͒ tokamak plasma in which the E and B fields are "static" and the parallel current is totally driven by a noninductive source ͑i.e., ␣ =1͒ for which in the definition of S in Eq. ͑19͒ V ᐉ = 0 and hence S = ͗J CD · B͘ / ͗B · ١͘. Collisional effects are introduced into the paleoclassical model through the equilibrium ‫ץ͑‬ / ‫ץ‬t Ͻ e , Maxwellianaveraged electron momentum collisional relaxation rate͒ parallel Ohm's law which, in combination with Faraday's law, yields the diffusion equation for the poloidal flux in Eq. ͑16͒. Thus, as indicated in the validity condition ͑16͒ in Ref. 3, the Fokker-Planck coefficients and modified drift-kinetic equation ͑MDKE͒ that includes D͕f͖ on its right-hand side, as in Eq. ͑15͒ above, are valid for all time scales longer than the average collision time, i.e., t Ͼ 1/ e . The validity time scale of the MDKE is not limited by the global magnetic field diffusion time ϳ a 2 /6D as implied ͑incorrectly͒ in Ref. 3, because the D͕f͖ Fokker-Planck operator preserves the correct geometrical properties of the diffusion process.
In most tokamak plasmas the average electron collision time is longer than the oscillatory gyro and bounce time scale motion about and relative to a poloidal flux surface. Hence, for time scales longer than 1 / e the bounce-average guiding center position ͑and p ͒ obeys a diffusion equation like Eq. ͑10͒, has a probability distribution like that in Eq. ͑11͒, and diffuses radially ͓see Eqs. ͑10͒ and ͑13͒ in Ref. 3͔. Thus, even a very "collisionless" particle ͑e.g., a relativistic electron͒ is subject to the paleoclassical radial diffusion process on time scales longer than the average electron collision time 1 / e , because the diffusion results from a coordinate transformation ͑to a coordinate system that particles oscillate about and which is locally diffusing radially with the magnetic field diffusivity D ͒, instead of from a direct collisional modification of the particle trajectory.
͑2͒ 
